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Coherent Destrution of Photon Emission from a Single Moleule Soure: A
Renormalization Group Approah
Igor Rozhkov, E. Barkai
Department of Chemistry and Biohemistry, Notre Dame University, Notre Dame, IN 46556
The photon emission from a single moleule driven simultaneously by a laser and a slow eletri
radio frequeny (rf) eld is studied. We use a non-Hermitian Hamiltonian approah whih aounts
for the radiative deay of a two level system modeling a single moleule soure. We apply the renor-
malization group method for dierential equations to obtain long time solution of the orresponding
Shrödinger equation, whih allows us to alulate the average waiting time for the rst photon
emission. Then, we analyze the onditions for suppression and enhanement of photon emission in
this dissipative two-level system. In partiular we derive a transendental equation, whih yields the
non-trivial rf eld ontrol parameters, for whih enhanement and suppression of photon emission
ours. For nite values of radiative deay rate an abrupt transition from the moleule's loalization
in its ground state to deloalization is found for ertain ritial values of the rf eld parameters.
Our results are shown to be in agreement with the available experiments [Ch. Brunel et al, Phys.
Rev. Lett. 81, 2679 (1998)℄.
I. INTRODUCTION
Pump-probe experimental setup, used and studied in
optial spetrosopy for years (see, for example, [1℄) plays
a signiant role in uoresene spetrosopy of single
moleules. When a monohromati o-resonant eletro-
magneti eld is added to already present near-resonant
one, a single moleule exhibits a great variety of quan-
tum optial eets. Just a few to be mentioned in this
onnetion, are the light-shift of the zero-phonon line,
Autler-Townes splitting [2℄, multiphoton resonanes [3℄
and rf Rabi resonanes [4℄. The urrent interest in this
eld, within the ontext of single moleule spetrosopy,
stems from the ability to use the slow rf eld to manip-
ulate the single moleule, in suh a way that a single
photon or a few photons are emitted per rf period. Suh
single photon spetrosopy, is likely to be the most del-
iate measurement one an perform on a moleule using
optis. Furthermore, suh an approah might be useful
for quantum ryptology, and quantum omputing.
Possible frameworks for the analysis of existing low
temperature optial experiments on uoresene spetra
of a single moleule [5℄ are provided by a well known two-
level atom piture. Among these frameworks is a desrip-
tion of photon emission by a single moleule via optial
Bloh equations. This approah has a long history in
quantum optis, and in studies of nulear magneti reso-
nane and eletron-spin resonane [6℄. Quite frequently,
however, one has to settle for the numerial solution to
ompare Bloh equations desription of a single moleule
with laboratory measurements.
Another ommon analytial tool in this ontext is the
quantum jump approah [7℄. It treats the two-level sys-
tem (TLS) emitting photons as an open or dissipative
system where the time evolution of the system is gov-
erned by the Shrödinger equation with an eetive non-
Hermitian Hamiltonian operator. The system evolves
from its ground state |g〉 to a superposition of exited
state |e〉 and state |g〉, and jumps bak into state |g〉
emitting a photon. Then the proess starts over again.
It is possible to haraterize suh jumps statistially, and
therefore to get the statistis of photon emission by single
moleule soure.
The objetive of this paper is to study the average
waiting time of the emission event by a SM interating
with laser and o-resonant rf eld. Using the renormal-
ization group (RG) method for dierential equations [8℄
we arry out the perturbative solution of time depen-
dent Shrödinger equation with eetive quantum jump
Hamiltonian. Our goal is to obtain the onditions for
enhanement and suppression of photon emission, as the
rf eld ontrol parameters are hanged. As disussed in
Ref. [9℄, this problem is related to the problem of o-
herent destrution of tunneling (CDT) for a partile in a
double well potential [10℄.
From CDT studies it is known that spei rf eld pa-
rameters may ause partile's loalization in one of the
wells [10℄, when the transition probability between the
two states of the system is made vanishingly small. Suh
a suppression or oherent destrution of tunneling [10℄
orresponds to a suppression of emission in a SM [9℄.
However, the SM system is fundamentally dierent then
an eletron in a double well potential, sine the SM emits
photons. Therefore, we are left with the task of estab-
lishing the inuene of radiative life time of the moleule
on the existing CDT piture.
This is done in Setion II, where we present the RG
analysis for the equations governing the evolution of the
dissipative TLS. In Setion III we derive the riteria for
loalization of the system in its ground state for the ases
of small and nite radiative deay rate and disuss the
transition from loalization to deloalization as well as
ritial behavior of the spetrum. The onlusions are
given in Setion IV. A brief summary of our results was
given in [11℄.
Finally, in onnetion to the uoresene peak suppres-
sion ondition it is worth mentioning the well known re-
sult from the theory of dressed states in quantum optis.
2The intensity of the resonanes of the atom dressed by the
rf photons is given by Jl (ξ)
2
(l = 0, 1, 2 . . . ), where the
modulation index ξ is equal to the inner produt of sys-
tems dipole moment and external eld in units of driving
frequeny [4, 6℄ (see details below). Therefore, the weight
of the resonane an be made innitesimal, by tuning the
modulation index to one of the zeroes of the orrespond-
ing Bessel funtion. For the onnetion between the the-
ory of dressed states and perturbation theory used in the
present paper see Ref. [12℄. Note that the l = 0 ase is
preisely the CDT ondition [10℄. In this paper we nd a
new ondition for the peak suppression whih takes into
onsideration the radiative part of the Hamiltonian and
modies zeros of Bessel funtion ondition, well known
in quantum tunneling and quantum optis.
II. RG ANALYSIS OF THE SCHRÖDINGER
EQUATION FOR A SINGLE MOLECULE
For a moleule with a ground eletroni state |g〉 and
an exited eletroni state |e〉, in the presene of a laser
and a slower rf elds, the Shrödinger equation has the
form
i
∂
∂t
|Ψ(t)〉 = H (t) |Ψ(t)〉 ,
H (t) =Vg cosωrf t |g〉 〈g|+
Ω
2
(|g〉 〈e|+ |e〉 〈g|)
+
(
Ve cosωrf t− i
Γ
2
+ δ
)
|e〉 〈e| .
Here ωrf is rf eld frequeny, δ is the laser detuning,
Ve,g = µe,g ·Erf , Ω = µeg ·E (the Rabi frequeny), where
µe,g are permanent dipole moments of the moleule in
states |e〉 and |g〉, µeg is the transition dipole, and E
and Erf stand for the amplitudes of the laser and the
rf elds respetively. The emission event is taken into
aount by adding a non-Hermitian part − (iΓ/2) |e〉 〈e|
to the TLS Hamiltonian [6℄,
i
∂
∂t
|Ψ(t)〉 = (H (t)− (iΓ/2) |e〉 〈e|) |Ψ(t)〉 , (1)
where Γ is the rate of radiative deay, also referred to as
damping oeient. We are interested in the evolution
of |Ψ(t)〉 = Ψg (t) |g〉+Ψe (t) |e〉, or, to be preise in the
evolution of the survival probability
P0 (t) = 〈Ψ(t) |Ψ(t)〉 ,
i.e. the probability of no emission event to our in the
time interval between 0 and t. Note, that in Eq. (1)
the TLS Hamiltonian H (t) is taken in the rotating wave
approximation for the fast on-resonant laser eld, but not
for the slow o-resonant rf eld.
From the survival probability the average waiting time
〈τ〉 for emission event [7, 9℄ is readily obtained, aording
to
〈τ〉 =
∫ ∞
0
P0 (t) dt =
∫ ∞
0
(
|Ψg (t)|
2
+ |Ψe (t)|
2
)
dt. (2)
This quantity yields the average waiting time for the rst
emission when |Ψ(0)〉 = |g〉, and the phase of the rf eld
(Eq. (1)) is initially equal to zero. It an serve as an es-
timate for the mean time between suessive emissions,
provided we an neglet the eet of the phase of the rf
eld. When the Rabi frequeny is small enough, suh an
eet an be minimal, beause the exited state popula-
tion is proportional to Ω2, when only laser eld is present.
In what follows, we disuss two ases: Γ/ωrf ≪ 1,
Ω/ωrf ≪ 1 and Ω/ωrf ≪ 1, Γ/ωrf ∼ 1. The rst one,
allows the omparison with uoresene measurements
arried out in Ref. [4℄ and illustrates the loalization
ondition of a single moleule in its ground state, indued
by the rf eld. In the seond ase the loalization gets
destroyed with the inrease in dimensionless damping o-
eient Γ/ωrf , and we are able to follow the transition
from loalization to deloalization.
We should also note, that Eq. (1) has time-dependent
oeients, and no losed form solution is known for a
general set of laser and rf elds parameters. The simpli-
ation introdued by hoosing a small Rabi frequeny
in Eq. (1) (Ω/ωrf ≪ 1) leads to the possibility of per-
turbative alulation of |Ψ(t)〉.
A. RG analysis in the limit of small radiative
deay rate
First of all we selet the time sale of our problem and
nondimensionalize all its parameters. This an be done
as follows: t 7→ ωrf t, Ve,g 7→ Ve,g/ωrf , δ 7→ δ/ωrf , Γ 7→
Γ/ωrf , Ω 7→ Ω/ωrf . By referring to the Rabi frequeny
as being small we mean, that it is small ompared to the
frequeny of the rf eld. We an further simplify our
analysis of Eq. (1) by assuming the system dissipation
to be small as well. More expliitly, Γ 7→ ǫΓ, Ω 7→ ǫΩ
(ǫ≪ 1).
Next step is the hange of variables aord-
ing to: Ψg (t) = cg (t) exp {−iVg sin t}, Ψe (t) =
ce (t) exp {−iVe sin t− iδt}, to prepare for the integration
in Eq. (1). Then, we make use of the identity [13℄
exp {iz sin t} =
∞∑
k=−∞
e
iktJk (z) , (3)
and the original system (Eq. (1)) redues to the following
set of oupled ordinary dierential equations:
d
dt
cg = −iǫce
Ω
2
∞∑
k=−∞
e
−ikt−iδtJk (ξ) ,
d
dt
ce= −iǫcg
Ω
2
∞∑
k=−∞
e
ikt+iδtJk (ξ)−
ǫΓ
2
ce (t) , (4)
3where we introdued the modulation index ξ = Ve − Vg.
We now turn to the perturbation analysis, with the
objetive to get an asymptoti solution of Eqs. (4) whih
would be valid globally in time. To do that we apply
the RG method introdued in [8℄. Unlike onventional
singular perturbation methods [14℄, the RG proedure
starts with the onstrution of the naive expansion. It
takes the form of a power series in the small parameter
ǫ:
C (t) = c(0) (t) + ǫc(1) (t) + ǫ2c(2) (t) +O
(
ǫ3
)
. (5)
The naive solution is then obtained by substituting C (t)
into Eq. (4) and solving for the gauge funtions c(n) (t)
at eah order ǫn. It is assumed, that the gauge funtions
are O (1) for all t. However, this is almost always not
the ase. Usually, for large enough times one or several
c(n) (t) beome greater than their predeessors c(m) (t)
(m < n). Then, the naive expansion beomes nonuni-
form and annot be used as an approximate solution.
The terms ausing nonuniformity are alled seular terms
[14℄. The RG proedure regularizes the naive expansion
by identifying the seular terms and eliminating them.
Although, there exist a bulk of literature on RG method
and its appliations [15℄, we outline its key steps and
details in Appendix A.
In the naive expansion (Eq. (5)), whih we now sub-
stitute into Eq. (4), all the gauge funtions are two-
omponent vetors c(n) =
(
c
(n)
g , c
(n)
e
)T
. At O
(
ǫ0
)
, the
solution of Eq. (4) is a onstant vetor c(0) = (A,B)
T
.
One an see, that at O (ǫ) this leads to the linearly grow-
ing terms (seular terms) at integer values of detuning:
δ = l. Thus, to be able to treat other values of detuning
simultaneously with the integer ones, we set δ = −l+ ǫσ,
where σ = O (1) is the detuning of the detuning and
proeed. The solution we are about to obtain desribes
the viinity of uoresene peak (f. Ref. [4℄). The entire
spetrum an be approximated as a sum of suh peaks,
loated at dierent integer values of detuning, provided
that the peaks are not too wide. Sine we onsider the
small dissipation and small Rabi frequeny ase, this as-
sumption is seure.
We introdue a parameter σ into Eq. (4) to get
d
dt
C = −iǫ


0 Ω2 J−l (ξ) +
Ω
2
∑
k 6=l
e
−ikt−iltJk (ξ)
Ω
2 e
itǫσJ−l (ξ) +
Ω
2
∑
k 6=l
e
ikt+iltJk (ξ) −i
Γ
2 + σ

C, (6)
with C = (cg, ce)
T
, and C (0) = (1, 0)T . From Eq. (6)
the result to O (ǫ) reads
C =
(
A− iǫBΩ2 J−l (ξ) (t− t0)
B − iǫAΩ2 J−l (ξ) (t− t0)−
(
ǫΓ2 + iσ
)
B (t− t0)
)
,
where t0 is an arbitrary time sale used to regularize the
naive expansion (See Appendix A). In the O (ǫ) solu-
tion we dropped all the terms other than seular, due
to the irrelevane of suh terms for the next steps of the
proedure. The RG equations are obtained by imposing
dC/dt0 = 0 at t0 = t. We have:
d
dt
(
AR
BR
)
= −iǫ
(
0 Ω2 J−l (ξ)
Ω
2 J−l (ξ) −i
Γ
2 + σ
)(
AR
BR
)
, (7)
where subsript R indiates, that we are solving for
the renormalized values of A and B. Finally, solving Eq.
(7) with the initial onditions C (0) = (1, 0)
T
we obtain
the following renormalized zero order solution C (t) =
(AR (t) , BR (t))
T
+O (ǫ):
AR (t) =
λ1 exp {ǫλ2t} − λ2 exp {ǫλ1t}
λ1 − λ2
, (8)
BR (t) =
i∆l
λ1 − λ2
(exp {ǫλ2t} − exp {ǫλ1t}) , (9)
λ1,2 = −
Γ
4
−
iσ
2
±
1
2
√
Γ2 − 16∆2l − 4σ
2 − 4iσΓ.
Here, by ±, we speied two dierent square roots, and
∆l =
J−l (ξ)Ω
2
.
We an now set ǫ = 1, as we do not need it anymore.
After the integration in Eq. (2), it an be shown, that
〈τ〉l, the average waiting time, when the detuning is lose
to the integer value l, is given by
〈τ〉l =
Γ2 + 8∆2l + 4σ
2
4Γ∆2l
.
Then, for arbitrary laser detuning δ, the average waiting
time, an be approximated as
〈τ〉 ≈
∑
l
Γ2 + 8∆2l + 4σ
2
4Γ∆2l
. (10)
The equality sign in Eq. (10) indiates the approximate
nature of this formula, whih we mentioned above. The
rst thing that athes attention is the presene of Bessel
funtions in the denominators of eah term in a sum.
4This opens the possibility to suppress the uoresene
peak (to innitely extend waiting time), and to loalize
the single moleule in its ground state. For integer values
of the detuning δ = l (in units of ωrf ) we an always
selet parameters of the rf eld, i.e. modulation index ξ,
so that Jδ (ξ) = 0.
In Fig. 1a, we ompare the RG result (Eq. (10))
with the numerial solution of Bloh equations, previ-
ously done in Ref. [4℄ in order to math it with their ex-
perimental results. We repeat numerial simulations of
Ref. [4℄ for the same set of system parameters and alu-
late the uoresene spetra. The predition of Eq. (10)
is in a good agreement with the numerial solution for
the three smallest values of Rabi frequeny (Fig. 1). The
slight disrepany observed for the highest value of Rabi
frequeny (top graph in Fig. 1a) is due to the fat that
perturbation parameter ǫ ≈ 0.46 in this ase is rather
lose to 1. In partiular, the RG solution (to this order)
does not apture the shifts in the uoresene peaks po-
sition, found in experiments for Ω ≥ 3.2Γ [4℄. In Fig.
1b we demonstrate the outome of hanging the value of
modulation index ξ from 1.14 of Ref. [4℄ to the rst root
of zeroth order Bessel funtion (ξ ≈ 2.4048). We an see
that the riterion for destrution of emission (Jδ (ξ) = 0)
is supported by numerial solution of Bloh equations,
as the entral peak (δ = 0) gets suppressed for the latter
value of ξ.
Now we further explore the emission suppression ase.
Keeping the same parameters as in Ref. [4℄ we hange
value of ξ to make the side peaks disappear. The results
are presented in Fig. 2. We also observe, that for su-
iently large ξ, i.e. large number of the Bessel funtion
root, we an suppress more than two side peaks, or-
responding to positive and negative integer detunings.
Taking ξ to be the 8th root of J1 (ξ) we eliminate the
third peaks, while taking it to be the 8th root of J2 (ξ)
we eliminate the entral peak (δ = 0) as well. This an be
explained by the behavior of zeroes of Bessel funtions,
whih fall densely on the real axis, as the argument in-
reases. For the large modulation index one expets the
entire spetrum to be suppressed [16℄.
B. Average waiting time for the ase of nite deay
rate
The evolution of survival probability alters signi-
antly when the dissipation oeient Γ is larger, or of
the same order as the driving frequeny ωrf . This be-
omes lear from the struture of the seular terms as we
take on the long time asymptoti solution for this ase.
We still onsider Rabi frequeny to be small (Ω 7→ ǫΩ,
ǫ≪ 1), but keep Γ = O (1). First of all, we fous on the
ase of zero detuning (δ = 0). The Shrödinger equation
then reads
i
∂
∂t
Ψ =
(
Vg cos t ǫΩ/2
ǫΩ/2 Ve cos t− iΓ/2
)
Ψ. (11)
The transformation to amplitude variables is almost
the same as before: Ψg (t) = cg (t) e
−iVg sin t, Ψe (t) =
ce (t) e
−iVe sin t−Γt/2. One again, we fae a set of oupled
linear ODEs:
d
dt
C = −i
Ω
2
ǫ
(
0
∑∞
k=−∞ e
−ikt− Γ
2
tJk (ξ)∑∞
k=−∞ e
ikt+ Γ
2
tJk (ξ) 0
)
C. (12)
Proeeding with the naive solution, we observe that the
seular terms do not appear in this expansion at O (ǫ),
as they did in the ase of weak dissipation.
At O (1), the solution is a onstant vetor c(0) =
(A,B)T . Substitution of this result into the O (ǫ) equa-
tions yields:
c(1)g = iΩB
∞∑
k=−∞
Jk (ξ)
(
e
−Γt/2−ikt − 1
) Γ− 2ik
Γ2 + 4k2
,
c(1)e = iΩA
∞∑
k=−∞
Jk (ξ)
(
e
Γt/2+ikt − 1
) Γ− 2ik
Γ2 + 4k2
,
whih, in turn, leads to the following O
(
ǫ2
)
equations:
d
dt
c(2)g =
Ω2
2
A
∞∑
k,l=−∞
Jk (ξ)Jl (ξ) e
−Γt/2−ikt
×
(
e
Γt/2+ilt − 1
) Γ− 2il
Γ2 + 4l2
,
d
dt
c(2)e =
Ω2
2
B
∞∑
k,l=−∞
Jk (ξ)Jl (ξ) e
Γt/2+ikt
×
(
1− e−Γt/2−ilt
) Γ− 2il
Γ2 + 4l2
,
Further integration produes seular terms (for k = l)
c(2)g = −A
tΩ2Γ
2
∞∑
k=−∞
J2k (ξ)
Γ2 + 4k2
+NST,
5c(2)e = −B
tΩ2Γ
2
∞∑
k=−∞
J2k (ξ)
Γ2 + 4k2
+NST,
where NST stands for nonseular ontribution to O
(
ǫ2
)
solutions. The RG equations (to order O
(
ǫ3
)
) for the
regularized onstants A and B are:
dAR
dt
= −AR
ǫ2Ω2Γ
2
∞∑
k=−∞
J2k (ξ)
Γ2 + 4k2
,
dBR
dt
= −BR
ǫ2Ω2Γ
2
∞∑
k=−∞
J2k (ξ)
Γ2 + 4k2
.
Hene, to O
(
ǫ3
)
AR and BR satisfy
AR (t) = A (0) exp
{
−
ǫ2Ω2Γt
2
∞∑
k=−∞
J2k (ξ)
Γ2 + 4k2
}
,
BR (t) = B (0) exp
{
−
ǫ2Ω2Γt
2
∞∑
k=−∞
J2k (ξ)
Γ2 + 4k2
}
. (13)
At time t = 0 we assume that the moleule is in the
ground state: ce (0) = 0, cg (0) = 1. Applying these ini-
tial onditions and replaing A and B with their renor-
malized values (Eqs. (13)) in c(0) we obtain O
(
ǫ2
)
per-
turbation results for amplitudes ce and cg. Then, we
swith bak to the original variables Ψe,g (t) and arrive
at
Ψg = e
−iVg sin t exp
{
−
ǫ2tΩ2Γ
2
∞∑
k=−∞
J2k (ξ)
Γ2 + 4k2
}
×

1− ǫ2Ω2 ∞∑
k 6=l=−∞
Jk (ξ)Jl (2ξ)
Γ + 2il
{
i
(
1− ei(l−k)t
)
l − k
−
2
(
1− e−Γt/2−ikt
)
Γ + 2ik
} , (14)
Ψe = −iǫΩe
−iVe sin t−
Γ
2
t exp
{
−
ǫ2tΩ2Γ
2
∞∑
k=−∞
J2k (ξ)
Γ2 + 4k2
}
(15)
×
∞∑
k=−∞
Jk (ξ)
(
e
Γt/2+ikt − 1
) Γ− 2ik
Γ2 + 4k2
.
Then, using Eq. (2) we alulate the mean waiting time
〈τ〉; the O
(
ǫ2
)
result reads
〈τ〉
−1
= ΓΩ2
∞∑
k=−∞
J2k (ξ)
Γ2 + 4k2
+O
(
Ω2
Γ2
)
. (16)
The orresponding result for the ase of nonzero detun-
ing an be alulated in a similar fashion. Formally, this
ase is dierent from the one we just onsidered by ad-
dition of imaginary part to the deay rate: Γ 7→ Γ+ 2iδ.
Therefore, the general formula for the ase of arbitrary
laser detuning an be written as
〈τ〉−1 = ΓΩ2
∞∑
k=−∞
J2k (2ξ)
Γ2 + 4 (k − δ)2
+O
(
Ω2
Γ2
)
. (17)
The possibility of loking the system in state |g〉 for a
long time, is still present. As one an see, the presene of
nite damping has only modied the orresponding on-
dition, and made 〈τ〉 nite at all values of ξ in ontrast
to the results of Eq. (10). In other words, the average
waiting time an be maximized for ertain values of mod-
ulation index, but the height of the peaks at the maxima
positions is now nite even at the leading order in small
Rabi frequeny. In Fig. 3 present the omparison of this
predition with the results of numerial solution of Eq.
(1). Preditions for all three values of Γ are adequate.
From Fig. 3 we observe, that when the dimensionless
Γ is not too large, the maxima in the average waiting
time our at zeroes of Jδ (ξ), in aord with the re-
sults obtained in small dissipation limit. If the deay
rate is inreased, one expets the peaks to get broaden
and shifted. This result does follow from the omparison
of Γ = 0.5 and Γ = 1.0 ases (see Fig. 3). Meanwhile,
the third urve in Fig. 3, orresponding to the ase of
Γ = 3.0, points to a less trivial feature in the peaks be-
6havior. Considering the presene of well dened maxima
in 〈τ〉 as a sign of loalization (in ground state) eet,
we an refer to their disappearane as a deloalization
eet.
The detailed study of suh a transition is the purpose
of the next Setion.
III. TRANSITION FROM LOCALIZED TO
DELOCALIZED REGIME
As long as the deay rate does not exeed ertain
threshold value, the average waiting time 〈τ〉, plotted
as a funtion of ξ, appears as a sequene of alternating
minima and maxima (see Fig. 3). Those extremums
orrespond to the enhanement and redution in photon
emission rate, respetively. Setting d 〈τ〉 /dξ = 0 and dif-
ferentiating Eq. (16) we obtain the following onditions
for the extremums:
J0 (ξ) =
Γ2
J1 (ξ)
∞∑
k=1
Jk (ξ) (Jk−1 (ξ)− Jk+1 (ξ))
Γ2 + 4k2
(18)
= G (Γ, ξ) .
Thus, for zero laser detuning, if Γ is innitesimal, the
nth maxima would be loated at ξn, the nth zero of the
Bessel funtion J0 (ξ) (see also Appendix A for the deriva-
tion of orresponding ondition in absene of dissipation).
When dissipation beomes notieable, the peaks of 〈τ〉
shift with respet to the ξn. Assuming that these shifts
are still small, one an estimate them perturbatively from
Eq. (16).
A. Condition for the emission suppression in the
small shifts limit
At the position of a maximum, we have d 〈τ〉 /dξ = 0.
Upon dierentiation in Eq. (16), we use the sum rule [13℄∑∞
k=−∞ J
2
k (ξ) = 2
∑∞
k=−∞J
2
k (ξ) = 1− J
2
0 (ξ), whih im-
plies
2
∞∑
k=1
Jk (ξ)
dJk (ξ)
dξ
= −J0 (ξ)
dJ0 (ξ)
dξ
,
and nd, that
d 〈τ〉
dξ
∝
∞∑
k=1
Jk (ξ)
dJk(ξ)
dξ
Γ2 + 4k2
k2.
Then we use an identity dJk (ξ) /dξ =
(Jk−1 (ξ)− Jk+1 (ξ)) /2 and addition theorem [13℄
Jk (u± v) =
∑∞
l=−∞ Jk∓l (u)Jl (v) ( |v| < |u|) to get
d 〈τ〉
dξ
∝
∞∑
k=1
∑∞
l=−∞ Jk−l (ξn)Jl (νn)
∑∞
l=−∞ {Jk−l−1 (ξn)− Jk−l+1 (ξn)} Jl (νn)
Γ2 + 4k2
k2,
where νn is the shift of the nth peak. Next we make use
of the small νn asymptotis of Bessel funtions: J0 (νn) ∼
1 − ν2n/4, Jl (νn) ∼ (νn/2)
l
(l > 1). Keeping the zeroth
and the rst order terms, and solving for νn we arrive at
νn =
∑∞
k=1
k2
Γ2+4k2 Jk (ξn) {Jk−1 (ξn)− Jk+1 (ξn)}∑∞
k=1
k2
Γ2+4k2 (Pk +Qk)
,
(19)
with
Pk = {Jk−1 (ξn)− Jk+1 (ξn)}
2
,
Qk = Jk (ξn) {Jk−2 (ξn)− 2Jk (ξn) + Jk+2 (ξn)}
For n = 1 through 4, we plot the relative shifts νn/ξn,
given by Eq. (19), as a funtion of damping oeient Γ
in Fig. 4 and ompare them with numerial solution of
the transendental Eq. (18).
It is lear that estimates given by Eq. (19) predit the
shifts, whih are less than 10%, but fail to reprodue the
larger shifts. Further analysis of extremums behavior has
to be done by solving Eq. (18) numerially.
B. Condition for the emission suppression for
arbitrary shifts
In Fig. 5 we plot G (Γ, ξ) and J0 (ξ) versus ξ to illus-
trate the solution of the transendental Eq. (18) for two
values of Γ. When Γ = 1.0 the orresponding urves ross
lose to ξn (Fig. 5a). However, as Γ is inreased to 2.5,
Eq. (18) does not have any solutions in the viinity of ξ1
and ξ2 and the rst two maxima of 〈τ〉 disappear (Fig.
5b). We also notie, that for this value of the deay rate,
the rst two minima of 〈τ〉, loated next to the zeroes of
J1 (ξ) (Eq. (18)) for smaller Γ, disappear as well.
Apparently, maxima and minima of the waiting time
〈τ〉 do not vanish gradually due to the peaks broadening.
Instead, there is a ritial value of Γ (Γ/ωrf in original
units) for eah extremum. Therefore, with an inrease in
dimensionless deay rate Γ/ωrf a single moleule under-
goes the transition from loalized-like behavior to delo-
alized behavior, for whih we an no longer speak about
maximizing average waiting time, or about the loaliza-
tion of a moleule in its ground state. The transition
7manifests itself as a motion of the neighboring pairs of
maxima and minima towards eah other with subsequent
annihilation at the same values of ritial damping Γcr
(see Fig. 5). The shifts, given by numerial solution of
Eq. (18) are plotted versus radiative deay rate Γ in Fig.
6. They are in aord with the shifts obtained from the
numerial solution of the Shrödinger equation (1) for the
rst two peaks of average waiting time. Slopes of both
urves in Fig. 6 start to diverge, as the dissipation grows,
in antiipation of ritial points. For example, Γcr ≃ 1.7
for the rst peak.
At a ritial point, the slopes of J0 (ξ) and G (Γ, ξ) in
Fig. 5 oinide. For the dissipation approahing its rit-
ial value we an use this fat and determine the asymp-
toti behavior of extremums. Expansion in Taylor series
of the Eq. (18) in the viinity of ritial point (ξcr,Γcr),
produes
d2J0 (ξcr)
dξ2
(ξ − ξcr)
2
∼
dG (Γcr, ξcr)
dΓ
(Γ− Γcr) .
Here we retained only the leading terms in both sides
of the equation. Thus, the position of extremum sales
with the deay rate as ξcr−ξ ∝ (Γcr − Γ)
β
, with β = 1/2.
Further illustration to the transition from loalization to
deloalization is provided in Fig. 7, where we display the
graphial solution of Eq. (18) in (ξ,Γ)-plane.
IV. DISCUSSION AND CONCLUSIONS
We have shown, that a dissipative two-level system, in-
terating with ontinuous laser eld an be loalized in its
ground state by appropriate hoie of parameters of ad-
ditional driving eld. To demonstrate this we onsidered
a single moleule governed by a non-Hermitian Hamilto-
nian in rotating wave approximation for the laser eld.
The added slow rf eld interating with a moleule via
dipole moments of its ground and exited states makes
the TLS Hamiltonian time dependent. Our main quan-
tity of interest, the average waiting time for the rst emis-
sion requires knowledge of the survival probability, whih,
in turn, demands the solution of Shrödinger equation.
Generally, this goal an be ahieved only by pertur-
bation analysis in the ase when some of the governing
parameters are small. For this reason, throughout the
paper we assumed that the Rabi frequeny Ω of a sin-
gle moleule is small ompared to the frequeny of the
driving rf eld ωrf . On the other hand, to provide a
orret estimate for the average waiting time, the result-
ing survival probability has to be given by a uniformly
onvergent series. In this paper we overame this di-
ulty by applying the RG proedure formulated in Ref.
[8℄. For the radiative deay rate of the exited state Γ,
we onsidered two limiting situations: Γ/ωrf ≪ 1 and
Γ/ωrf ∼ 1. The RG alulation for the rst ase gener-
ates two important results.
(i) The uoresene spetra of single moleule, alu-
lated as a reiproal average waiting time reprodues ex-
perimental results of Ref. [4℄.
(ii) There is a ondition for suppression of uoresene
peaks, whih resembles the riteria of oherent destru-
tion of tunneling [10℄ of eletron in a double well.
Similar proedure in the seond ase also produes the
orret estimates for the average waiting time 〈τ〉, whih
was veried by numerial solution of Shrödinger equa-
tion for a single moleule. However, the loalization of
a moleule in its ground state is ahieved for the values
of modulation index dierent from those in the small Γ
limit (the well known ondition J0 (ξ) = 0 does not ap-
ply). Moreover, at a ertain ritial value of dissipation
oeient, the neighboring minima and maxima of 〈τ〉
annihilate, and the loalization no longer persists.
In onnetion with the transition from the loalized
behavior to the deloalized one, we were able to estimate
the shifts in the positions of extremums of average wait-
ing time for a given dissipation, and to determine the
ritial values of Γ/ωrf for a given extremum.
Finally, we remark, that similar analysis an be arried
out for the system of optial Bloh equations, whih rep-
resents a standard tool in single moleule spetrosopy,
nulear magneti resonane and eletroni spin reso-
nane.
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Appendix A: RENORMALIZATION GROUP
METHOD FOR DIFFERENTIAL EQUATIONS
Here we illustrate basi steps of the RG method [8℄ on
two examples. The rst one is a trivial linear dierential
equation
∂tψ + iωψ = ǫψ,
with ǫ ≪ 1. Although the exat solution is known, we
wish to reover it perturbatively. Below, and everywhere
in the text, the regularization of the naive solution is
ahieved by analyzing the integration onstants enter-
ing the solution. These onstants play the role of bare
quantities of quantum eld theory and statistial me-
hanis. They are treated as funtions of time and are
modied (renormalized) in order to remove seular terms.
We start by looking for a solution given as a power
series in small parameter ǫ:
ψ = ψ0 + ǫψ1 + ǫ
2ψ2 +O
(
ǫ3
)
, (A1)
where ψkare O (1) quantities. At lowest order, we have
∂tψ0 + iωψ0 = 0⇒ ψ0 = A exp {−iωt} .
We substitute this result into the equation for the rst
orretion to get
∂tψ1 + iωψ1 = A exp {−iωt} ,
whih leads to
ψ1 = At exp {−iωt} ,
as we only need a speial solution of the inhomogeneous
equation (the solution to the homogeneous one is ab-
sorbed into the zeroth order perturbation result ψ0). The
rst orretion grows linearly, and after 1/ǫ amount of
time is elapsed ψ1 beomes omparable to supposedly
dominating term ψ0. Thus,
ψ = A exp {−iωt}+ ǫtA exp {−iωt}+O
(
ǫ2
)
. (A2)
does not represent uniformly valid result. Nevertheless,
aording to the RG formalism, this expansion gives us all
we need for the onstrution of O
(
ǫ2
)
long time asymp-
toti expansion.
We now assume that A is not a onstant, but a funtion
of some arbitrary time sale t0. The renormalization on-
sists of two stages: rst, we remove divergeny to O
(
ǫ2
)
by the following manipulation:
ψ = A (1 + ǫt0) exp {−iωt}+ ǫ (t− t0)A exp {−iωt}
= AR (t0) exp {−iωt}+ ǫ (t− t0)AR (t0) exp {−iωt} ,
(A3)
literally renormalizing A, and introduing new variable
AR instead. The latter expansion, is uniform in time, as
τ an be hosen arbitrarily large. However, ψ should not
be a funtion of some artiial time sale. Therefore, at
the seond stage, we require
∂
∂t0
ψ (t0 = t) = 0 (A4)
Next, we eliminate t0 by setting it equal to t (sine t0
is arbitrary, it is at our disposal). As a result of Eq.
(A4), we obtained dierential equation (alled the RG
equation) governing our former onstant A. It reads:
d
dt
AR (t) = ǫAR (t) +O
(
ǫ2
)
.
Finally, solving the RG equation, substituting the result
into the expansion (A3), and setting τ = t we arrive at
the long time asymptoti solution uniformly valid to the
next order in ǫ:
ψ = A (0) exp
{
ǫt− iωt+O
(
ǫ2t
)}
+O
(
ǫ2
)
.
9For this simple problem it an be further shown, by
repetition of the above proedure at all orders, that
ψ = A (0) exp {ǫt− iωt} is atually a global solution.
A more ompliated example of Shrödinger equation
for the eletron in a double well potential [10℄ an be
also treated using RG method. Here, our presentation is
slightly dierent from solution of the this problem given
in Ref. [12℄, but it leads to the same results and illus-
trates all the main steps of the derivations in Setion II.
The TLS Hamiltonian in this ase, is:
H = Vg cosωt |g〉 〈g|+Ve cosωt |e〉 〈e|+
Ω
2
(|g〉 〈e|+ |e〉 〈g|) .
With this Hamiltonian, the Shrödinger equation for the
TLS, whih is initially in its |g〉 state results in the fol-
lowing system of oupled ordinary dierential equations
for amplitudes ce and cg
dC
dt
= −
iΩǫ
2


0
∞∑
k=−∞
e
−ikωtJk (ξ)
∞∑
k=−∞
e
ikωtJk (ξ) 0

C
(A5)
where C = (cg, ce)
T
, and C (0) = (1, 0)
T
and we used
Eq. (3).
At O
(
ǫ0
)
, the solution is simply C(0) = (A,B)
T
, with
both A and B being onstants. Naively, we would apply
the initial onditions at this stage. Instead, we substitute
this result into the equations for next order orretion,
and obtain
c(1)g = −i
Ω
2
B {J0 (ξ) t
+
∞∑
k=−∞,k 6=0
Jk (ξ)
(
e
−ikt − 1
)
k

 ,
c(1)e = −i
Ω
2
A {J0 (ξ) t
+
∞∑
k=−∞,k 6=0
Jk (ξ)
(
1− eikt
)
k

 ,
The renormalized asymptoti expansions are
cg = AR − iǫBR
Ω
2
(t− τ) J0 (ξ) +NST +O
(
ǫ2
)
,
ce = BR − iǫAR
Ω
2
(t− τ) J0 (ξ) +NST +O
(
ǫ2
)
,
where NST stands for the nonseular terms. As the next
step, we obtain following RG equations:
dAR
dt
= −
iǫΩ
2
BRJ0 (ξ) +O
(
ǫ2
)
,
dBR
dt
= −
iǫΩ
2
ARJ0 (ξ) +O
(
ǫ2
)
.
The latter system is readily solved, and with the initial
onditions cg (0) = 1, ce (0) = 0 produes:
cg = cos
{
ǫΩ
2
J0 (ξ) t
}
+ ǫ
Ω
2
sin
{
ǫΩ
2
J0 (ξ) t
}
×
∞∑
k=−∞,k 6=0
Jk (ξ)
e
−ikt − 1
k
+O
(
ǫ2
)
, (A6)
ce = sin
{
ǫΩ
2
J0 (ξ) t
}
+ ǫ
Ω
2
cos
{
ǫΩ
2
J0 (ξ) t
}
×
∞∑
k=−∞,k 6=0
Jk (ξ)
1− eikt
k
+O
(
ǫ2
)
. (A7)
Note, that oherent destrution of tunneling ondition
J0 (2ξ) = 0 [10℄ follows immediately from these results
(see also Ref. [12℄). Continuing the proedure to order
O
(
ǫ2
)
, we obtain
dAR
dt
= ǫ2
Ω2
4
FAR −
iǫΩ
2
BRJ0 (ξ) ,
dBR
dt
= −
iǫΩ
2
ARJ0 (ξ)− ǫ
2Ω
2
4
FBR, (A8)
with
F1 = −iJ0 (ξ)
∞∑
k=−∞,k 6=0
Jk (ξ)
k
− i
∞∑
k=−∞,k 6=0
J2k (ξ)
k
Even without solving Eq. (A8), we observe, that lo-
alization ondition holds to order ǫ3. For the reently
found third order orretions see Ref. [17℄ and referenes
therein.
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Figure 1: Comparison of the preditions for 〈τ 〉−1 (δ) given
by Eq. (10) (solid lines) with the exited state population
alulated from Bloh equations (empty triangles) (Ref. [4℄)
for various values of Rabi frequenies (from bottom to the
top): Ω = 0.29; 0.9; 3.2 in units of Γ. Parameters are taken
from experiment of Ref. [4℄: ωrf/2pi = 140 MHz, (a) ξ =
1.14; (b) ξ is the rst root of J0 (ξ) = 0, Γ/2pi = 20 MHz.
The results are arbitrarily shifted vertially for transpareny,
therefore, units on vertial axis are arbitrary. Our preditions
in (a) are in aord with experiments [4℄. In (b) we observe
the suppression of the uoresene for δ = 0.
11
200 400-400 -200 0
∆HMHzL
0.0005
0.0015
0.0025
<
Τ
>
-
1
H
∆
L
HcL
200 400-400 -200 0
∆HMHzL
0.0005
0.0015
0.0025
<
Τ
>
-
1
H
∆
L
HdL
200 400-400 -200 0
∆HMHzL
0.005
0.01
0.015
<
Τ
>
-
1
H
∆
L
HaL
200 400-400 -200 0
∆HMHzL
0.002
0.006
0.01
<
Τ
>
-
1
H
∆
L
HbL
Figure 2: Suppression of the uoresene peaks for dierent
values of modulation index. Here Ω = 0.9Γ, Γ/2pi = 20 MHz
(parameters of Ref. [4℄). (a) ξ is the rst root of J1 (ξ) = 0;
(b) ξ is the rst root of J2 (ξ) = 0; () ξ is the eighth root of
J1 (ξ) = 0; (d) ξ is the eighth root of J2 (ξ) = 0.
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Figure 3: Saled mean time between emission Γ 〈τ 〉 is plotted
as a funtion of modulation index ξ for the ase of zero detun-
ing. The solid line represents RG predition of Eq. (16), dots
orrespond to the numerial solution of Eq. (1). Grid-lines
indiate the positions of zeroes of J0 (ξ). The Rabi frequeny
is Ω = 0.1. The radiative deay rates are Γ = 0.5; 1.5; 3.0
(from top to bottom). We notie the shifts in maximum of
〈τ 〉 relative the zeroes of J0 (ξ).
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Figure 4: Shifts in the position of maxima of 〈τ 〉 (see Fig.
3) with respet to (a) ξ1 (top) and ξ2 (bottom); (b) ξ3 (top)
and ξ4 (bottom), plotted as a funtion of Γ
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Figure 5: Illustration to the transendental Eq. (18). Bessel
funtion J0 (solid line) plotted as a funtion of ξ together
with the right hand side of Eq. (18), G (Γ, ξ). Radiative
deay rates are (a) Γ = 1.0, (b) Γ = 2.5. Grid-lines indiate
zeroes of J0 (ξ). In loalization ase (a), the solutions of Eq.
(18) are slightly shifted with respet to ξn. In deloalization
ase (b), these solutions do not exist sine the urves do not
ross.
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Figure 6: The shifts (ξ − ξn) /ξn found from Eq. (18) (solid
lines) are ompared to those found from numerial solution of
Eq. (1) (boxes). They are plotted as a funtion of Γ (Γ/ωrf
in original units) for the peaks lose to the rst (upper urve)
and the seond (lower urve) zeroes of J0 (the rst two peaks
in Fig. 3). Critial points are marked by stars. They indiate
values of Γ/ωrfabove whih the transition to deloalization
ours.
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Figure 7: Graphial solution to Eq. (18) represented as a
solid urve in (ξ,Γ)-plane. The solution represents the value
of ontrol parameters whih maximize and minimize 〈τ 〉. The
left edge of eah tooth orresponds to the maxima (inter-
seting the ξ-axis at the zeroes of J0 (ξ): 2.40483, 5.52008,
8.65373, et.); the right edge orresponds to the minima. The
ritial points (we an see three of them) are identied as
teeth tips (f. Fig. 5).
